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Topic- Analytic function and C-R equation.

Definition
A function f(2) is said to be analytic or holomorphic at the point z=a € C
if it is differentiable in the neighbourhood of a.

Cauchy-Riemann (C-R) equation in Cartesian form

Let f(z) = u(x,y) +iv(x,y) be an analytic function in a domain D, then u
and v satisfy the Cauchy-Riemann equation u, = vy &uy, = —Vvy.

Proof. In order to derive C-R equation let us consider a function f(z) =

u(x,y)+iv(x,y) is differentiable at a point 29 =X +iyo, then limy_.q w
exists along any path, where h = h1 +ihs.
Now,
- +h) —f(20)
/ - f (ZO
fz0) B h
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Continue...

flag) = 1 u(xo +h1,yo +ha) +iv(xo +h1,yo +h2) — u(xo,yo) — iv(x0,¥0)
o) = lim -
h—0 h1 +ihy
~ lim u(xo +hi,yo +ha) —u(xo,yo)
h—0 hi +ihy
4ilim v(xo +h1,y0 +ha) —v(xo0,Y0)
h—0 hi +ihy

now taking limit along x-axis, then h — h; +10

fz) = lim {u(xo+h1,}’o)—u(x0,J’0)} i lim [v(x0+h1,y0)_v(x0,y0)}
f'(z0 = ux(x0,)0) +ivx(xo0,Y0) 0

similarly, taking limit along imaginary axis, then h — 0 +ihy, then we have

f/(Zo) —  lim {(XO;_)’O—F}:;)Z—U(XOJ’O)} {V(Xo,_)’O—F};;l)Z—V(XO,yO)}

2—)0

]

+1 lim
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Continue...

fll#go = —iux(x0,y0) +Vvy(x0,¥0) (2)
Now from equation (1) and (2) we get
Ux (X0,Y0) = Vy(x0.Y0)&uy (X0,¥0) = —Vx(X0,Y0)
which is the required C-R equation in Cartesian form.
Cauchy-Riemann (C-R) equation in polar coordinates

Let f (2) =u(r, 9) +lv(r f) be an analytic function at z = re'?, then
9u > and —
oar 1 d0 89 ar*

Proof. In order to derive C-R equation in polar coordinate let us consider
x=rcosf,y=rsin0
Now,

Ju  dudx Jdudy

— = =4 -
ar dx dr  dy Jr
T ———
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Continue...

du Jdu du
yfacoseJr@smG 3
also
v vax avay
00  9xd0 dJydo
av av i av
39 = E(—rsme)—i— E(rcos 0)
1dv v . v
98 = —asme—i—g—ycose
Since, f(z) is analytic then using = g; and a” = gv in above equation
we get
1 0dv Ju Ju
38 = aysm9~¢— I cos @ 4

Now, comparing equation (3) and (4) we get
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Continue...
Jdu _ 1 9v s : du __ adv
9 = 755, similarly we can derive §g5 = —r5".

These two equation are C-R equation in polar form.

Remarks

o If f(2) = u(x,y) +iv(x,y) is differentiable at any point Zy, then the C-R
equations holds at that point always.

o If f(2) = u(x,y) +iv(x,y) is continuous at 2o and also suppose that partial
derivative of u and v w.r.t. x and y i.e. uy,uy,Vy,Vy are exists and
continuous at zq also C-R equation holds at 2, then f(2) is differentiable

at zp.

Exercise

Verify Cauchy-Riemann equation for the following function.
1-f(z) = 2°

2-f(2) = Re(z)

3- f(z) = e*(cosy — siny) (try to solve yourself)

.

April 18,2020 6/ 1



If you have any query regarding the content please contact me through
email or other sources.
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